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Introduction 2-factors
Toughness

Definitions

e A sub-graph H of G is a graph such that V(H) C V(G) and
E(H) C E(G).
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Introduction 2-factors
Toughness

Definitions

e A sub-graph H of G is a graph such that V(H) C V(G) and
E(H) C E(G).

@ An induced sub-graph of G is a sub-graph such that if there
is an edge between vertices of H in G, then that edge is in H.
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Introduction 2-factors
Toughness

Definitions

e A sub-graph H of G is a graph such that V(H) C V(G) and
E(H) C E(G).

@ An induced sub-graph of G is a sub-graph such that if there
is an edge between vertices of H in G, then that edge is in H.

@ A cycle is said to be Hamiltonian if it uses every vertex of G
exactly once.
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Introduction 2-factors
Toughness

o If every vertex of a graph has degree k, then that graph is said
to be a k-regular.
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Introduction 2-factors
Toughness

o If every vertex of a graph has degree k, then that graph is said
to be a k-regular.

@ A graph is said to have a k-factor if it has a k-regular
spanning sub-graph.
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Introduction 2-factors
Toughness

o If every vertex of a graph has degree k, then that graph is said
to be a k-regular.

@ A graph is said to have a k-factor if it has a k-regular
spanning sub-graph.

@ A 2-factor is a set of disjoint cycles.
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Introduction 2-factors
Toughness

o If every vertex of a graph has degree k, then that graph is said
to be a k-regular.

@ A graph is said to have a k-factor if it has a k-regular
spanning sub-graph.

@ A 2-factor is a set of disjoint cycles.

@ A Hamilton cycle is a 2-factor.
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Introduction 2-factors
Toughness

Toughness

®(G) denotes the number of components in a graph G.
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Introduction 2-factors
Toughness

Toughness

®(G) denotes the number of components in a graph G.

Definition

The toughness of a graph G is defined as
7(G) = min{%\fer any separation S C V(G)}.
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Introduction 2-factors
Toughness

Toughness

®(G) denotes the number of components in a graph G.

Definition
The toughness of a graph G is defined as
7(G) = min{%\fer any separation S C V(G)}.

-,

Figure: 7(G) =1 for a cycle.
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Introduction 2-factors
Toughness

Toughness

®(G) denotes the number of components in a graph G.

Definition
The toughness of a graph G is defined as
7(G) = min{%\fer any separation S C V(G)}.

-,

Figure: 7(G) =1 for a cycle.

A graph G is said to be t-tough if 7(G) > t.
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Vasek Chvatal’s Conjecture Chordal graphs

Vasek Chvatal's Conjecture

Conjecture (1973, Chvatal)

There exists a finite constant ty such that every tp-tough graph is
Hamiltonian.
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Vasek Chvatal’s Conjecture Chordal graphs

Status of Chvatal Conjecture

Theorem (2000, D. Bauer, H. J. Broersma, H. J. Veldman)

For every € > 0, there exists a (% — €)-tough graph containing no
Hamilton path.
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Vasek Chvatal’s Conjecture Chordal graphs

Status of Chvatal Conjecture

Theorem (2000, D. Bauer, H. J. Broersma, H. J. Veldman)

For every € > 0, there exists a (% — €)-tough graph containing no
Hamilton path.

Theorem (1995, D. Bauer, H.J. Broersma, J. van den Heuvel, ,

H.J. Veldman)
If G is a t-tough graph on n > 3 with § > ?”1 — 1, then G is
Hamiltonian.
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Vasek Chvatal’s Conjecture Chordal graphs

Chordal Graphs

@ A set X of k vertices in a graph G is said to be a k-clique if
G[X] is complete.
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Vasek Chvatal’s Conjecture Chordal graphs

Chordal Graphs

@ A set X of k vertices in a graph G is said to be a k-clique if
G[X] is complete.

@ If the neighborhood of a vertex x is a k-clique, then we call x
a k-simplicial vertex.
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Vasek Chvatal’s Conjecture Chordal graphs

Chordal Graphs

@ A set X of k vertices in a graph G is said to be a k-clique if
G[X] is complete.

@ If the neighborhood of a vertex x is a k-clique, then we call x
a k-simplicial vertex.

o Let 51(G) denote the set of simplicial vertices of a graph G.
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Vasek Chvatal’s Conjecture Chordal graphs

Chordal Graphs

@ A set X of k vertices in a graph G is said to be a k-clique if
G[X] is complete.

@ If the neighborhood of a vertex x is a k-clique, then we call x
a k-simplicial vertex.

o Let 51(G) denote the set of simplicial vertices of a graph G.

Definition

A graph is said to be chordal if it does not have an induced cycle
with length greater than three.
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Vasek Chvatal’s Conjecture Chordal graphs

Chordal Graphs

@ A set X of k vertices in a graph G is said to be a k-clique if
G[X] is complete.

@ If the neighborhood of a vertex x is a k-clique, then we call x
a k-simplicial vertex.

o Let 51(G) denote the set of simplicial vertices of a graph G.

Definition

A graph is said to be chordal if it does not have an induced cycle
with length greater than three.

Let A = (vq,...... , Vn) be a sequence of vertices of a a n vertex
chordal graph G. Set G = Gg. If G; = G;_1 — v; is a chordal graph
such that v; € 51(Gj_1), then X is a simplicial elimination
ordering of G.
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Vasek Chvatal’s Conjecture Chordal graphs

Non-Hamiltonian chordal graphs

i

Figure: 1-tough Non-Hamiltonian Chordal Graph
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Vasek Chvatal’s Conjecture Chordal graphs

Non-Hamiltonian chordal graphs

i

Figure: 1-tough Non-Hamiltonian Chordal Graph

Theorem (2000, D. Bauer, H. J. Broersma, H. J. Veldman)

For every € > 0 there exists a (£ — €)-tough chordal non-traceable
graph.
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Vasek Chvatal’s Conjecture Chordal graphs

Tough Enough Chordal Graphs

Theorem (1998, G. Chen, M. S. Jacobson, A. E. Kézdy and J.
Lehel)

Every 18-tough chordal graph is Hamiltonian.
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Vasek Chvatal’s Conjecture Chordal graphs

Tough Enough Chordal Graphs

Theorem (1998, G. Chen, M. S. Jacobson, A. E. Kézdy and J.
Lehel)

Every 18-tough chordal graph is Hamiltonian.

2-tough chordal graphs are Hamiltonian.

James M. Shook On Finding a Minimum Toughness Condition for a k-tree to be



Vasek Chvatal’s Conjecture Chordal graphs

Subclasses of chordal graphs

Theorem (1999, T. Bohme, J. Harant, M. Tk&g)
If G is a chordal planar graph with T > 1, then G is Hamiltonian.
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Vasek Chvatal’s Conjecture Chordal graphs

Subclasses of chordal graphs

Theorem (1999, T. Bohme, J. Harant, M. Tk&g)
If G is a chordal planar graph with T > 1, then G is Hamiltonian.

Theorem (1984, Matthews & Sumner)

All 1-tough claw-free chordal graphs are Hamiltonian.
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Vasek Chvatal’s Conjecture Chordal graphs

Subclasses of chordal graphs

Theorem (1999, T. Bohme, J. Harant, M. Tk&g)
If G is a chordal planar graph with T > 1, then G is Hamiltonian.

Theorem (1984, Matthews & Sumner)

All 1-tough claw-free chordal graphs are Hamiltonian.

Theorem (1985, J.M. Kiel)

1-tough interval graphs are Hamiltonian.
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Vasek Chvatal’s Conjecture Chordal graphs

Split Graphs

A graph whose vertex set can be partitioned into an independent
set and a clique is said to be a Split Graph.
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Vasek Chvatal’s Conjecture Chordal graphs

Split Graphs

A graph whose vertex set can be partitioned into an independent
set and a clique is said to be a Split Graph.

Theorem (1996, D. Kratsch, J. Lehel, H. Muller)

There is a sequence {G,}°° ; of split graphs without a 2-factor
such that 7(G) — 3

5-
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Vasek Chvatal’s Conjecture Chordal graphs

Split Graphs

A graph whose vertex set can be partitioned into an independent
set and a clique is said to be a Split Graph.

Theorem (1996, D. Kratsch, J. Lehel, H. Muller)

There is a sequence {G,}°° ; of split graphs without a 2-factor
such that 7(G) — %

Theorem (1996, D. Kratsch, J. Lehel, H. Muller)

All %—tough split graphs are Hamiltonian.
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Structure of k-trees

k-trees that have Hamilton c;

G r than 1-tough k-tr vithout a 2-factor
k-trees - 4

@ The smallest k-tree is a k-clique. For G with |V(G)| > k, G

is a k-tree if and only if it contains a k-simplicial vertex v
such that G — v is a k-tree.
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Structure of k-trees

hout a 2-factor
k-trees

@ The smallest k-tree is a k-clique. For G with |V(G)| > k, G
is a k-tree if and only if it contains a k-simplicial vertex v
such that G — v is a k-tree.

@ For G # K1, the set 51(G) is an independent set. When
G = K1 every vertex is k-simplicial and we let |5;(G)| = 1.
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Structure of k-trees

vithout a 2-factor

k-trees

@ The smallest k-tree is a k-clique. For G with |V(G)| > k, G
is a k-tree if and only if it contains a k-simplicial vertex v
such that G — v is a k-tree.

@ For G # K1, the set 51(G) is an independent set. When
G = K1 every vertex is k-simplicial and we let |5;(G)| = 1.

@ An edge is said to be contractible if it is not incident with a
k-simplicial vertex and the contraction of the edge yields a
k-tree. We denote the set of contractible edges by A(G)
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Structure of k-trees

hout a 2-factor
k-trees

Branch Number

Let A = (vq,...... , V) be a simplicial elimination ordering of a
k-tree G where G = Gg and G; = G — {vi,...,v;}. For i < n—k,
we define v; to be a branch vertex if A(G;) = A(G;_1). Let 8())
be the collection of branch vertices of the elimination ordering.
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e of k-trees

vithout a 2-factor

k-trees

Branch Number

Let A = (vq,...... , V) be a simplicial elimination ordering of a
k-tree G where G = Gg and G; = G — {vi,...,v;}. For i < n—k,
we define v; to be a branch vertex if A(G;) = A(G;_1). Let 8())
be the collection of branch vertices of the elimination ordering.

Theorem (Shook, Wei)

For any two simplicial elimination orderings A1, \» of G,
|B(A1)] = |B(A2)]. Let B(G) = |B(N)| be the branch number of G.
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Structure of k-tr
k-trees that have Hamilton cycles
5 k-trees without a 2-factor

k-trees

Branch Number

Let A = (vq,...... , V) be a simplicial elimination ordering of a
k-tree G where G = Gg and G; = G — {vi,...,v;}. For i < n—k,
we define v; to be a branch vertex if A(G;) = A(G;_1). Let 8())
be the collection of branch vertices of the elimination ordering.

Theorem (Shook, Wei)

For any two simplicial elimination orderings A1, \» of G,
|B(A1)] = |B(A2)]. Let B(G) = |B(N)| be the branch number of G.

Theorem (Shook, Wei)

If G is a k-tree on n vertices, then
n=2|51(G)| + |A(G)| + k — B(G).

N
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Structure of k-trees
k trees that have Hamilton cycles
r than 1-tough k-trees without a 2-factor
k-trees Is 2-tough eno

Hamiltonian k-trees

Theorem (2007, H. J. Broersma, L. Xiong, K. Yoshimoto)

If G is a t1-tough k-tree, with k > 2 and G # Kz, then G is
Hamiltonian.
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Structure of k-trees
hat have Hamilton cycles
han 1-tough k-trees without a 2-factor
k-trees gh enough?

Hamiltonian k-trees

Theorem (2007, H. J. Broersma, L. Xiong, K. Yoshimoto)

If G is a t1-tough k-tree, with k > 2 and G # Kz, then G is
Hamiltonian.

Theorem (Shook, Wei)

If G# Ky is a k“ -tough k-tree (k > 2), then 5(G) < 2.
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Structure of k-trees

k-trees that have Hamilton cycles

Greater than 1-tough k-trees without a 2-factor
k-trees Is 2-tough enough?

Hamiltonian k-trees

Theorem (2007, H. J. Broersma, L. Xiong, K. Yoshimoto)

If G is a t1-tough k-tree, with k > 2 and G # Kz, then G is
Hamiltonian.

Theorem (Shook, Wei)

If G# Ky is a k“ -tough k-tree (k > 2), then 5(G) < 2.

Theorem (Shook, Wei)

For k > 1, if G is a k-tree with 3(G) < k, then G is Hamiltonian.
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Structure of k-trees

k-trees that have Hamilton cycles

Greater than 1-tough k-trees without a 2-factor
k-trees Is 2-tough enough?

Hamiltonian k-trees

Theorem (2007, H. J. Broersma, L. Xiong, K. Yoshimoto)

If G is a t1-tough k-tree, with k > 2 and G # Kz, then G is
Hamiltonian.

Theorem (Shook, Wei)

If G# Ky is a k“ -tough k-tree (k > 2), then 5(G) < 2.

Theorem (Shook, Wei)

For k > 1, if G is a k-tree with 3(G) < k, then G is Hamiltonian.

There exists non-Hamiltonian k-trees with 7(G) = 1. What about
k-trees with 7(G) > 17
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Structure of k-trees

k-trees that h amilton cycles

Greater than 1-tough k-trees without a 2-factor
k-trees Is 2-tough enough?

Greater than 1-tough is not enough

Construction Procedure.
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Structure of k-
k-trees that have Hamilton cycles

Greater than 1 h k-trees without a 2-factor
k-trees Is 2-tough eno

Greater than 1-tough is not enough

Construction Procedure.

@ Let F be a greater than 1-tough split graph that does not
have a 2-factor.
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Structure of k-
k-trees that have Hamilton cycles

Greater than 1 h k-trees without a 2-factor
k-trees Is 2-tough eno

Greater than 1-tough is not enough

Construction Procedure.

@ Let F be a greater than 1-tough split graph that does not
have a 2-factor.

o Convert F to a special greater than 1-tough k-tree G.
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Structure of k-trees
k-trees that have Hamilton cycles

Greater than k-trees without a 2-factor
k-trees Is 2-tough enough?

Greater than 1-tough is not enough

Construction Procedure.

@ Let F be a greater than 1-tough split graph that does not
have a 2-factor.

o Convert F to a special greater than 1-tough k-tree G.
@ Show that if G has a 2-factor, then F has one.
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Structure of k-trees

k-trees that have Hamilton cycles

Greater than k-trees without a 2-factor
k-trees Is 2-tough enough?

Greater than 1-tough is not enough

Construction Procedure.

@ Let F be a greater than 1-tough split graph that does not
have a 2-factor.

o Convert F to a special greater than 1-tough k-tree G.
@ Show that if G has a 2-factor, then F has one.
° % > 7(G)
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Structure of k-trees

k-trees that have Hamilton cycles

Greater than k-trees without a 2-factor
k-trees Is 2-tough enough?

Greater than 1-tough is not enough

Construction Procedure.

@ Let F be a greater than 1-tough split graph that does not
have a 2-factor.

o Convert F to a special greater than 1-tough k-tree G.
@ Show that if G has a 2-factor, then F has one.

o 3> 7(G)

e 7(G) —»las k — o0

James M. Shook On Finding a Minimum Toughness Condition for a k-tree to be



Structure of k-trees

k-trees that have Hamilton cycles

Greater than k-trees without a 2-factor
k-trees Is 2-tough enough?

Greater than 1-tough is not enough

Construction Procedure.

@ Let F be a greater than 1-tough split graph that does not
have a 2-factor.

o Convert F to a special greater than 1-tough k-tree G.
@ Show that if G has a 2-factor, then F has one.

o 3> 7(G)

e 7(G) —»las k — o0

o Is there a construction for G such that 7(G) > 37
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Structure of k-trees

k-trees that have Hamilton cycles

Greater than 1 k-trees without a 2-factor
k-trees Is 2-tough enough?

Greater than 1-tough is not enough

Construction Procedure.

@ Let F be a greater than 1-tough split graph that does not
have a 2-factor.

Convert F to a special greater than 1-tough k-tree G.
Show that if G has a 2-factor, then F has one.
5>7(6)

7(G) = 1las k — o0

Is there a construction for G such that 7(G) > 37

Does there exist a function f(k) — 1 such that every
f(k)-tough k-tree is Hamiltonian?
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Structure of k-trees
that h Hamilton cycl
than 1-tough k-trees without a 2-factor
k-trees -tough enough?

2-tough k-trees

@ Stacks have a nice path property.
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Structure of k-trees
es that h Hamilton cy
er than 1-tough k-trees without a 2-factor
k-trees gh enough?

2-tough k-trees

@ Stacks have a nice path property.

@ Assume G is a 2-tough k-tree
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Structure of k-tre
s that hav
G than 1-tough k-tre thout a 2-factor
k-trees Is 2-tough enough?

2-tough k-trees

@ Stacks have a nice path property.
@ Assume G is a 2-tough k-tree
@ Show that G can be partitioned into “good” stacks.
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Structure of k-trees

k-tr that have Hamilton ¢

G r than 1-tough k-tr vithout a 2-factor
k-trees Is 2-tough enough?

2-tough k-trees

Stacks have a nice path property.
Assume G is a 2-tough k-tree
Show that G can be partitioned into “good” stacks.

Create an auxiliary split graph F using the partition.

James M. Shook On Finding a Minimum Toughness Condition for a k-tree to be



Structure of k-
that ha
G r than 1-tough k-tre hout a 2-factor
k-trees Is 2-tough enough?

2-tough k-trees

Stacks have a nice path property.

Assume G is a 2-tough k-tree

Show that G can be partitioned into “good” stacks.
Create an auxiliary split graph F using the partition.
Show that if F is not 3-tough, then G is not 2-tough.
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Structure of k-
that ha
G r than 1-tough k-tre hout a 2-factor
k-trees Is 2-tough enough?

2-tough k-trees

Stacks have a nice path property.

Assume G is a 2-tough k-tree

Show that G can be partitioned into “good” stacks.
Create an auxiliary split graph F using the partition.
Show that if F is not 3-tough, then G is not 2-tough.

Use theorem to prove G is Hamiltonian.
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